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Abstract. We propose a mining framework that supports the identification of useful knowledge based on data clustering. With the recent
advancement of microarray technologies, we focus our attention on gene
expression datasets mining. In particular, given that genes are often coexpressed under subsets of experimental conditions, we present a novel
subspace clustering algorithm. In contrast to previous approaches, our
method is based on the observation that the number of subspace clusters
is related with the number of maximal subspace clusters to which any
gene pair can belong. By performing discretization to gene expression
profiles, the similarity between two genes is transformed as a sequence
of symbols that represents the maximal subspace cluster for the gene
pair. This domain transformation (from genes into gene-gene relations)
allows us to make the number of possible subspace clusters dependent
on the number of genes. Based on the symbolic representations of genes,
we present an efficient subspace clustering algorithm that is scalable to
the number of dimensions. In addition, the running time can be drastically reduced by utilizing inverted index and pruning non-interesting
subspaces. Experimental results indicate that the proposed method efficiently identifies co-expressed gene subspace clusters for a yeast cell cycle
dataset.

1

Introduction

With the recent advancement of DNA microarray technologies, the expression
levels of thousands of genes can be measured simultaneously. The obtained data
are usually organized as a matrix (also known as a gene expression profile), which
consists of m columns and n rows. The rows represent genes (usually genes of
the whole genome), and the columns correspond to the samples (e.g. various
tissues, experimental conditions, or time points).
Given this rich amount of gene expression data, the goal of microarray analysis is to extract hidden knowledge (e.g., similarity or dependency between genes)
from this matrix. The analysis of gene expressions may identify mechanisms of
gene regulation and interaction, which can be used to understand a function of a
?
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Fig. 1. Plot of sample gene expression data across whole conditions (shown in left hand
side) versus subset of conditions (shown in right hand side)

cell [6]. Moreover, comparison between expressions in a diseased tissue and a normal tissue will further enhance our understanding in the disease pathology [7].
Therefore, data mining, which transforms a raw dataset into useful higher-level
knowledge, becomes a must in bioinformatics.
One of the key steps in gene expression analysis is to perform clustering
genes that show similar patterns. By identifying a set of gene clusters, we can
hypothesize that the genes clustered together tend to be functionally related.
Traditional clustering algorithms have been designed to identify clusters in the
full dimensional space rather than subsets of dimensions [6, 14, 4, 11]. When
correlations among genes are not apparently visible across the whole dimensions
as shown in the left-side graph of Figure 1, the traditional approaches fail to
detect clusters. However, it is well-known that genes can manifest a coherent
pattern under subsets of experimental conditions as shown in the right-side graph
of Figure 1. Therefore, it is essential to identify such local patterns in microarray
datasets, which is a key to revealing biologically meaningful clusters.
In this paper, we propose a mining framework that supports the identification
of meaningful subspace clusters. When m (the number of dimensions) is equal
to 50 (m for gene expression data usually varies from 20 to 100), the number
of possible subspaces is 250 − 1 ≈ 1.1259 × 1015 . Thus, it is computationally
expensive to search all subspaces to identify clusters. To cope with this problem,
many subspace clustering algorithms first identify clusters in low dimensional
spaces, and use them to find clusters in higher dimensional spaces based on
apriori principle [1] 3 . However, this approach is not scalable to the number of
dimensions in general.
3

If a collection of points C form a dense cluster in a k-dimensional space, then any
subset of C should form a dense cluster in a (k − 1)-dimensional space.

Notation
n
m
X
xi
xij
Si
sij
si
K
pi
mpij
Pa
Pi
P
αi
β

Meaning
The total number of genes in gene expression data
The total number of dimensions in gene expression data
n × m gene expression profile matrix
The i-th gene
The value of xi in j-th dimension
The set of symbols for i-th dimension (Si ∩ Sj = ∅ if i 6= j)
A symbol for xij
A sequence of symbols for xi
The maximum number of symbols
A pattern
The maximal pattern for xi and xj
A set of maximal patterns that contains a symbol a
The set of all maximal patterns in i-dimensional subspace
The set of all maximal patterns in X
The minimum number of elements that
an i-dimensional subspace cluster should have
The minimum dimension of subspace clusters
Table 1. Notations for subspace clustering

In contrast to the previous approaches, our method is based on the observation that the maximum number of subspaces is related with the number of
maximal subspace clusters to which any two genes can belong. In particular,
by performing discretization to gene expression profiles, we can transform the
similarity between two genes as a sequence of symbols that represent the maximal subspace cluster for the gene pairs. This transformation allows us to limit
the number of possible subspace clusters to n(n−1)
where n is the number of
2
genes. Based on the transformed data, we present an efficient subspace clustering algorithm that is scalable to the number of dimensions. Moreover, by utilizing inverted index and pruning (even conservatively) non-interesting subspace
clusters, the running time can be drastically reduced. Note that the presented
clustering algorithm can detect subspace clusters regardless of whether their
coordinate values are consecutive to each other or not.
The remainder of this paper is organized as follows. In Section 2, we explain
the proposed subspace clustering algorithm. Section 3 presents experimental results. In Section 4, we briefly review the related work. Finally, we conclude the
paper and provide our future plans in Section 5.

2

The Subspace Clustering Algorithm

In this section, we present the details of each step of our approach. Table 1 shows
the notations, which will be used throughout this paper.

The first step of our clustering is to quantize gene expression dataset (Section 2.1). The primary reason for discretization is that we need to efficiently
extract a maximal subspace cluster to which every gene pair belongs. In-depth
discussions on why we need discretization, and details of our algorithm are presented in Section 2.2. In Section 2.3, we explain how we can further reduce computational cost by utilizing inverted index and pruning. Finally, in Section 2.4,
we explain how to select meaningful subspace clusters. Figure 2 sketches the
proposed subspace clustering algorithm.
2.1

Discretization

In general, discretization approach can be categorized into three ways:
– Equi-width bins. Each bin has approximately same size.
– Equi-depth bins. Each bin has approximately same number of data elements.
– Homogeneity-based bins. The data elements in each bin are similar to each
other.
In this paper, we use a homogeneity-based bins approach. In particular, we
utilize K-means clustering with Euclidean distance metric [5]. Because we apply K-means to 1-dimensional data, each cluster corresponds to the interval.
Additionally, K corresponds to the number of symbols for discretization.
Once we identify clusters, genes belonging to a same cluster are discretized
with a same symbol. That is, xid and xjd are represented as a same symbol
if and only if xid , xjd ∈ Ckd where Ckd is k-th cluster in d-th dimension. The
complexity for this step is O(nmK) where n and m correspond to the number of
genes and conditions, respectively. In this paper, we use same value of K across
all dimensions for simplicity.4 However, in Section 3, we investigate the effect of
different value of K in terms of running time.
2.2 Identification of Candidate Subspace Clusters based on Domain
Transformation
The core of our approach lies in domain transformation to tackle subspace clustering. That is, the problem of subspace clustering is significantly simplified by
transforming dataset into domain of gene-gene relations (Figure 3). In this Section, we explore how to identify candidate subspace clusters based on the notion
of domain transformation. Before we present detailed discussions on the proposed
clustering algorithm, definitions for basic terminology are provided first.
Definition 1 Induced-string. A string string1 is referred to as an inducedstring of string2 if every symbol of string1 appears in string2 and length of
string1 is less than string2 .
4

More effective discretization algorithm for gene expression data is currently under
development.

Step 1. Discretization and symbolization of gene expression data:
Initialization: i= 1.
1.1 Perform K-means clustering on i-th dimension.
1.2 Using Si , assign symbols to each cluster.
1.3 i = i + 1.
Repeat Step 1 for i ≤ m.
Step 2. Enumeration of all possible maximal patterns for each gene pair
and construction of inverted index for each dimension and Hash Table:
2.1 Extract a maximal pattern (mpij ) between xi and xj using si and sj .
2.2 Insert mpij to inverted index at dimension k if the length of
mpij is equal to k.
2.3 Insert the gene pair xi and xj to Hash Table indexed by mpij .
Repeat Step 2 for all gene pairs.
Step 3. Computation of support, pruning and generating candidate clusters:
Initialization: i = β where β is a user-defined threshold for the
minimum dimension of a subspace cluster.
3.1 Compute support of each maximal pattern (p) at i using inverted index.
3.2 Prune p at i and super-pattern of p at i + 1 if support of p is less than αi .
3.3 i = i + 1
Repeat Step 3 for i ≤ m − 1.
Step 4. Identification of interesting subspace clusters:
Initialization: i = β.
4.1 For each pattern (p) of candidate clusters at i, calculate difference between
its support and support of each super-pattern of p at i + 1, and assign
the biggest difference as maximum difference of p.
4.2 Remove p from candidate clusters at i if maximum difference of p is less
than user-defined threshold.
4.3 i = i + 1
Repeat Step 4 for i ≤ m − 1.

Fig. 2. An overview of the proposed clustering algorithm

Definition 2 (Maximal) pattern. Given si and sj , which are symbolic representations of xi and xj , respectively, any induced-string of both si and sj is
referred to as a pattern of xi and xj . A pattern is referred to as a maximal
pattern of xi and xj (denoted as mpij ) if and only if every pattern of xi and xj
(except mpij ) is an induced-string of mpij .
For example, if s1 = a1 b1 c2 d3 and s2 = a1 b1 c1 d3 , then maximal pattern for
x1 and x2 is a1 b1 d3 . Since the length of the maximal pattern is 3, the maximum

Fig. 3. An illustration of domain transformation

dimensions of candidate subspace cluster that can host x1 and x2 is 3. Thus,
the set of genes that have same maximal pattern can be a candidate maximal
subspace cluster. By discretizing gene expression data, we can obtain the upper
bound for the number of maximal patterns, which is equal to n(n−1)
.
2
Because a pattern is represented as a form of string, based on the definition
of induced-string, the notion of super-pattern is defined as follows:
Definition 3 Super-pattern. A pattern pi is a super-pattern of pj if and only
if pj is an induced string of pi .
Figure 4 illustrates how we approach the problem of subspace clustering.
Each vertex represents a gene, and the edge between vertexes shows a maximal
pattern between two genes. In order to find meaningful subspace clusters, we define the minimum number of objects (αi ) that an i-dimensional subspace cluster

Fig. 4. A sample example of subspace cluster discovery

should have. For this purpose, the notion of support is defined as follows:
Definition 4 Support. Given a pattern pk , support of pk is the total number
of gene pairs (xi and xj ) such that pk is an induced-string of mpij or pk is a
maximal pattern of xi and xj .
Thus, the problem of subspace clustering is reduced to computing support of
each maximal pattern, and identifying maximal patterns whose support exceeds
αi if the length of maximal pattern is equal to i. The maximal pattern between
x1 and x3 is defined as a1 b1 in Figure 4. This means that x1 and x3 has potential
to be grouped together in 2-dimensional subspace. However, we need to consider
whether there exists enough number of gene pairs that has a pattern a1 b1 . This
step can be achieved by computing support for a1 b1 , and checking whether the
support exceeds α2 or not. In this example, support for a1 b1 is 6.
2.3

Efficient Super-pattern Search based on Inverted Index

Achieving an efficient super-pattern search for support computation is important
in our algorithm. The simple approach to searching super-patterns for a given
maximal pattern at dimension d is to conduct a sequential scan on all maximal
patterns at dimension d0 (d0 > d). The following shows the running time for this
approach.

Fig. 5. Inverted index at 4-dimensional subspace

n−1
X
i=β

|Pi |

m
X

(j × |Pj |)

(1)

j=i+1

where |Pj | is the number of maximal patterns at dimension j and β is the
minimum dimension of subspace clusters.
However, we can reduce the time by utilizing inverted index, which has been
widely used in modern information retrieval. In inverted index [10], the index
associates a set of documents with terms. That is, for each term ti , we build a
document list (Di ) that contains all documents containing ti . Thus, when a query
q is composed of t1 , ..., tk , to identify a set of documents which contains q, it is
sufficient to examine the documents that contain all ti ’s (i.e., intersection of Di ’s)
instead of checking whole document dataset. By implementing each document
list as a hash table, looking up documents that contain ti takes constant time.
In our super-pattern search problem, each term and document correspond
to symbol and pattern, respectively. Figure 5 illustrates the idea. Each pattern
list is also implemented as a hash table. When a query pattern is composed
of multiple symbols, symbols are sorted (in ascending order) according to their
pattern frequency. After then, we start to take intersection of pattern lists whose
pattern frequency is lowest. For example, given a query pattern b2 c0 d0 , we search
super pattern as follows: 5
5

If we reach an empty set while taking intersection, then there is no need to keep
intersection of pattern lists.

(Pb2 ∩ Pd0 ) ∩ Pc0 = ({p3 } ∩ {p2 , p4 , p5 , p6 }) ∩ Pc0 = ∅
where Pa is a pattern list for a symbol a.
By taking intersection of pattern list whose size is small, we can reduce
the number of operations. The worst time complexity for the identification of
all super-patterns for all query patterns (a = (a1 , a2 ..., ak )) in Pk is shown as
follows:

Tk =

m
X
X

(min(|Pai1 |, ..., |Paik |) × (k − 1))

(2)

i=k+1 a∈Pk

where |Paik | corresponds to the length of pattern list for the symbol ak at dimension i.
Note that the worst time complexity for the construction of inverted index
at each dimension k takes k × |Pk |. Thus, the total time complexity for superpattern search is given as below:
m
X
k=β

(k × |Pk |) +

m−1
X

(klogk + |Pk | × Tk )

(3)

k=β

Moreover, we can further reduce running time through the pruning step. In
particular, we use the notion of expected support in Zaki et al. [15]. That is, if
support for pij in dimension k is less than αk , then besides eliminating pij in
future consideration of subspace clustering, we do not consider super-patterns
of pij in dimension k + 1 any more.
2.4

Identification of Meaningful Subspace Clusters

After pruning maximal patterns using the notion of support, the final step is
to identify meaningful subspace clusters, which corresponds to the Step 4 in
Figure 2. Since we are interested in maximal subspace clusters, we scan maximal
patterns (denoted as p) at dimension i, and compare support of p with support of
all super-patterns (denoted as p0 ) at dimension (i + 1). Any maximal pattern at
i (p) are not considered for a subspace cluster if the difference between support
of p and that of p0 is less than user-defined threshold.
We illustrate this step with Figure 6. As shown, there are three maximal
patterns at dimension 2 (A1B1, A1C1 and A1C2) and two maximal patterns
at dimension 3 (A1B1C1 and A1B1C2), respectively. The cluster with a pattern
A1B1 (C1 ) contains the clusters with a pattern A1B1C1 (C2 ) and A1B1C2 (C3 ).
If the support between C1 and C2 (or the support between C1 and C3 ) is less
than user-defined threshold, then C1 is ignored and both C2 and C3 are kept as
meaningful subspace clusters. Otherwise, C1 is also considered as a meaningful
cluster besides C2 and C3 .

Fig. 6. Identification of subspace clusters
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Experimental Results

In this section, we present experimental results that demonstrate the effectiveness of the proposed clustering algorithm. Section 3.1 illustrates our experimental setup. Experimental results are presented in Section 3.2.
3.1

Experimental Setup

For empirical evaluation, the proposed clustering algorithm was tested on yeast
cell cycle data. The data is a subset from the original 6,220 genes with 17 time
points listed by [3]. Cho et al. sampled 17 time points at 10 minutes time interval,
covering nearly two full cell cycles of yeast Saccharomyces cerevisiae. Among
6,220 genes, 2,321 genes were selected based on the largest variance in their
expression. In addition, one abnormal time point was removed from the data
set as suggested by [11], consequently, the resulting data consists of 2,321 genes
with 16 time points. Our analysis is primarily focused on this data set.
3.2

Experimental Results

Figure 7 demonstrates how well our clustering algorithm was able to capture
highly correlated clusters under a subset of conditions. The x-axis represents

the conditions, and the y-axis represents expression level. As shown, subspace
clusters do not necessarily manifest high correlations across all conditions. We
also verified biological meanings of subspace clusters with the Gene Ontology [2].
For example, YBR279w and YLR068w (Figure 7(b)) have the most specific common parent “nucleobase, nucleoside, nucleotide and nucleic acid metabolism” in
the Gene Ontology. However, they showed low correlation in full dimensions. In
addition, YBR083w and YDL197C (Figure 7(d)) belonging to subspace cluster
625 participate in a similar biological function, “transcriptional control”.
In order to investigate the number of maximal patterns in various scenarios,
pattern rate, which represents how many maximal patterns are generated in
comparison with the number of possible maximal patterns, is defined as follows:
P attern Rate = #maximal patterns /

n(n − 1)
2

(4)

Figure 8 shows relationships between the number of genes and pattern rate.
The x-axis represents the number of genes (n), and the y-axis represents the
pattern rate. As shown, pattern rate decreases as n increases. This property
is related with the nature of datasets. In general, datasets should have certain
amount of correlations among object pairs. Otherwise, clustering cannot detect
meaningful clusters from the dataset. Thus, the increasing rate for the number
of actual maximal patterns is much less than the increasing rate for possible
number of maximal patterns ( n(n−1)
).
2
Figure 9 shows how much running time can be improved by using inverted
index. The x-axis represents the number of symbols, and the y-axis represents the
ratio of Equation (3) to Equation (1), which is defined as running time rate. As
shown, we could observe significant improvement. For example, when the number
of symbols is 7. the running time was reduced more than 20 times. Moreover,
we could observe performance improvement as the number of symbols increases.
This is primarily because the length of pattern list in inverted index decreases
as the number of symbols increases.
Figure 10 shows the scalability of our algorithm in terms of the number of
dimensions. The x-axis represents the number of dimensions, and the y-axis
represents running time rate, which is defined by running time at d divided by
running time when d is 4. As shown, we could observe linear increase in running
time rate, which supports the scalability of our algorithm.

4

Related Work

In this section, we briefly discuss key differences between our work and previous
approaches on subspace clustering. Jiang et al. [8] and Parsons et al. [9] provide
the comprehensive review on gene expression clustering and subspace clustering,
respectively. For details, refer to those paper [8, 9].
Recently, clustering on the subset of conditions has received significant attentions during the past few years [1, 12, 13, 15]. Many approaches first identify
clusters in low dimensions (C) and derive clusters high dimensions based on
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C using the apriori principle. However, our method is different from other approaches in that all maximal subspaces for gene pairs (whose maximum value is
bounded by n(n − 1)/2) are generated by transforming a set of genes into a set
of gene-gene relations. Identification of meaningful subspace clusters is based on
the maximal patterns for gene pairs.
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Conclusion and Future Work

We presented the subspace mining framework that is vital to microarray data
analysis. An experimental prototype system has been developed, implemented,
and tested to demonstrate the effectiveness of the proposed algorithm. The
uniqueness of our approach is based on observation that the maximum number of subspaces is limited to the number of genes. By transforming a gene-gene
relation into a maximal pattern that is represented as a sequence of symbols,
we could identify subspace clusters very efficiently by utilizing inverted index
and pruning non-interesting subspaces. Experimental results indicated that our
method is scalable to the number of dimensions.
We intend to extend this work into the following three directions. First, we
are currently investigating efficient discretization algorithm for gene expression
data. Second, we plan to conduct more comprehensive experiments on diverse
microarray datasets as well as compare our approach with other competitive
algorithms. Finally, in order to interpret obtained gene clusters, external knowledge needs to be involved. Toward this end, we plan to explore the methodology
to quantify relationship between subspace clusters and known biology knowledge
by utilizing Gene Ontology [2].
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